We study experimentally and theoretically the dynamics of apparent dark soliton stripes in an elongated Bose-Einstein condensate. We show that for the trapping strengths corresponding to our experimental setup, the transverse confinement along one of the tight directions is not strong enough to arrest the formation of solitonic vortices or vortex rings. These solitonic vortices and vortex rings, when integrated along the transverse direction, appear as dark soliton stripes along the longitudinal direction thereby hiding their true character. The latter significantly modifies the interaction dynamics during collision events and can lead to apparent examples of inelasticity and what may appear experimentally even as a merger of two dark soliton stripes. We explain this feature by means of the interaction of two solitonic vortices leading to a sling shot event with one of the solitonic vortices being ejected at a relatively large speed. Furthermore we observe expanding collision bubbles which consist of repeated inelastic collisions of a dark soliton stripe pair with an increasing time interval between collisions.
Introduction.
Over the past fifteen years, the advent of Bose-Einstein condensates (BECs) has created unprecedented possibilities for the examination of phenomena involving nonlinear waves [1, 2] . Ranging from bright solitary waves [3, 4, 5] and gap matter waves [6] to excitations of defocusing (repulsively interacting) media most notably dark solitons [7, 8] , vortices [7, 9, 10] , as well as solitonic vortices and vortex rings [11] , the exploration of these phenomena has attracted considerable theoretical as well as experimental interest.
Early experiments on dark solitons [12, 13, 14, 15] were, at least in part, limited by the lifetimes of these states under the influence of dynamical instabilities in higher dimensional settings or the effect of thermal fluctuations at temperatures closer to the transition temperature. Nevertheless, more recent experiments have been able to produce a significantly increased experimental control [16, 17, 18, 19, 20, 21] . The resulting combination of sufficiently low temperatures with -in some of the casesmore quasi-one-dimensional regimes has led to clear-cut observations of oscillating and interacting dark solitons, bearing good agreement with theoretical predictions for these structures.
Vortices, in turn, constitute the quasi-two-dimensional generalization of dark solitons. Following a ground breaking experiment where vortices were produced using a phase-imprinting method [22] , other experiments produced these structures by using a phase-imprinting method between two hyperfine spin states of a 87 Rb BEC [23] , they were produced by stirring of the BECs [24] above a certain critical angular speed [25, 26, 27, 28] . This led to the production of few vortices [28] and even of very robust vortex lattices [29] . Such states were also produced by other methods including dragging obstacles through the BEC [30, 31] , the nonlinear interference of condensate fragments [32] , or even the use of the Kibble-Zurek mechanism [33, 34] . Vortices of higher charge were also produced and their dynamical instability was considered [35] .
The three-dimensional (3D) generalization of the above states consists of multiple possibilities. The most prominent among them are solitonic vortices (or vortex lines) and vortex rings [7, 11] , both of which emerge from the instability of the dark soliton stripe -the multi-dimensional analog of a 1D dark soliton [36] . A solitonic vortex is the 3D extension of a two-dimensional (2D) vortex by (infinitely and homogeneously) extending the solution into the axis perpendicular to the vortex plane. In a realistic experimental setup, which requires an external trapping potential, the solitonic vortices naturally acquire a finite length. In that case, solitonic vortices are vorticity "tubes" that are straight across the BEC cloud or bent in U or S shapes depending on the aspect ratio of the BEC cloud [37, 38] . If a solitonic vortex is bent enough to close on itself or if two solitonic vortices are close enough to each other they can produce a vortex ring [39] . Vortex rings are 3D structures whose core is a closed loop with vorticity around it [40] (i.e., a vortex that is looped back into itself). Vortex rings can also be produced by an impurity traveling faster than the speed of sound of the background [41] ; by nonlinear interference between colliding blobs of the background material [42, 43] ; by phase and density engineering techniques [44, 21] ; or even by introducing "bubbles" of one component in the other component in twocomponent BEC systems [45] .
In the present work we explore in detail how in experimentally available settings it is possible to produce an interplay between one-dimensional and three-dimensional phenomenologies (with the two-dimensional case, as an interesting intermediary -see below). This interplay is found to be responsible for dramatic events such as seemingly perfectly "plastic" collisions (which entirely defy the near-integrable nature of solitary waves as such). We show that such events which we have observed in our experiments are not aberrations but rather a direct consequence of the hidden character of the solitons, namely their conversion to solitonic vortices during their dynamical evolution. The strong interaction of such solitonic vortices is found to potentially sling shot one of them towards the background and produce such a "plastic" collision which appears as a merger of two dark soliton stripes when integrated along one spatial dimension -as it necessarily happens in absorption imaging in current experimental settings. Further counter-intuitive phenomena occurring in this setup include a sequence of apparent dark soliton stripe collisions with increasing collision times, i.e. a series of "expanding collision bubbles". This is shown to be produced by mutual rotation of solitonic vortices around each other.
Our presentation is structured as follows. In Sec. 2 we present the experimental setup and the corresponding experimental observations displaying the apparent, unexpected, merger of two dark soliton stripes. In Sec. 3 we introduce the theoretical model and its corresponding numerical experiments that allow to elucidate the nature of this unexpected merger. We also include in this section some other intriguing cases where solitonic vortices rotating around each other tend to slow down their rotation frequency. Finally, in Sec. 4 we present our conclusions and identify some future areas for possible exploration.
Experimental Setup and Observations
For the experiments presented here we start by trapping 5 × 10 9 atoms of 87 Rb in a magneto-optical trap which are subsequently compressed and cooled in an optical molasses. The atoms are further cooled by evaporative cooling in a magnetic trap before we load them into an optical dipole trap. After a second evaporative cooling stage over 20 s, an elongated and almost pure BEC of about 5 × 10 4 atoms in the |5 2 S 1/2 , F = 1, m F = −1 state is produced with a chemical potential of less than 20 nK. The trap frequencies read ω x,y,z = 2π × (85, 133, 5.9) Hz. These correspond to a "cigar-shaped" trap elongated along the z-direction and strongly confined along the transverse x and y directions. The peak density of n 0 = 5.8×10
13 cm −3 corresponds to a speed of sound of c s = 1.0 mm/s and a healing length of ξ = 0.7 µm.
In order to seed dark soliton stripe structures in the experiment, we employ the well-established method of optical phase imprinting in Bose-Einstein condensates [12, 13, 17] . For this purpose a laser pulse of 70 µs duration, blue-detuned from atomic resonance by 8 GHz is used. We create almost arbitrary intensity patterns employing a spatial light modulator and image those patterns onto the BEC through a high quality objective yielding an optical resolution of better than 2 µm. In this way, the number of dark soliton stripes created can be varied, as can their individual depths, initial positions and directions of movement be chosen over a wide range of parameters by tailoring the light field potentials acting on the BEC accordingly. For the experiment described here, we image a two-step intensity profile (see Fig. 1 .a) onto the BEC, thus creating one dark soliton stripe at each phase jump. As schematically depicted in Fig. 1 .b, two dark soliton stripes are generated in that way which travel in the same direction at different velocities. The shallower and thus faster soliton starts ahead of the deeper and slower soliton. After a quarter oscillation period the solitons reverse their direction of propagation and travel in the opposite direction where the fast soliton Experimental setup for the chase scenario for two dark soliton stripes. Two dark soliton stripes are generated that travel in the same direction at different velocities. After a quarter oscillation period they reverse their direction of propagation and travel in the opposite direction where the fast soliton will eventually overtake its slower counterpart. Experimental results depicting the chasing scenario between two dark soliton stripes. Shown is the density plot of the condensate. Each column represents the optical density of the elongated condensate integrated along the transverse directions. The density depressions of the apparent dark soliton stripes as well as the increased density of the density waves are clearly visible. While it can not be deduced what exactly happens during the collision, it is clearly seen that for long evolution times a single very deep soliton that does hardly move at all is formed. Note that we have observed structures similar to the last 45 ms of the graph for evolution times up to 5 s! Figure 2 shows the experimental results of the time-evolution of two dark soliton stripes created according to the above-mentioned experimental conditions. For each experiment the system was let to evolve for a predetermined amount of time and then imaged. A total of more than 60 images were extracted 2.5 ms apart from each other. Each image was then integrated along the remaining transverse direction to obtain the (integrated) 1D density along the, longitudinal, z direction. Finally, the overall evolution of the effective 1D system is rendered visible by plotting these densities as columns in Fig. 2 . In the figure it is possible to see the two initial two dark soliton stripes that travel towards the center of the trap. Note that additional excitations of the condensate generated during the phase imprinting process are significantly damped prior to the soliton interaction which ensures a better visibility of the collision process. After the dark soliton stripes bounce back from the opposite edge of the cloud, they strongly interact and apparently merge after some 100 ms. Although the variation from one experiment to the next does not allow for a clear depiction of the dynamics during the collision process, we systematically obtained a resulting cloud with a single apparent dark soliton stripes in it. This attests to the robustness of the process. After closer inspection of the individual snapshots, before integration about the transverse direction, it is evident that the dynamics is not only governed by dark soliton stripes. This is due to the fact that the dark soliton stripes tend to bend and decay into vortex rings [46] and also periodically oscillate between dark soliton stripes and vortex rings [21] . This behavior can be seen in the experimental snapshots depicted in Fig. 3 . In particular, the first row of snapshots corresponds to two initial dark soliton stripes that start bending [see dark lines inside the ellipses in panel 
Model and Numerical Observations
In an attempt to better understand the dynamics seen in the experiments we model the BEC cloud using realistic parameter values and initial conditions. For this we use the 3D Gross-Pitaevskii (GP) equation that has been shown to accurately describe the mean-field dynamics of the BEC for low enough temperatures and large enough particle numbers, as is the case for our setting. The GP equation, in three dimensions, for the wavefunction ψ(x, y, z, t) takes the form:
where ∇ 2 is the three-dimensional Laplacian, while the trapping potential is given by
, m is the atomic mass and ω i are the trapping frequencies (strengths) along the different directions. The effective nonlinearity strength is given by g 3D = 4πh
2 a/m, with a being the s-wave scattering length. In what follows, we will consider different initial conditions involving initializing first a single dark soliton stripe and subsequently a few prototypical cases corresponding to two initial dark soliton stripes. For both of these situations we show, as a central result, that the quasi-1D evolution will prove to be somewhat misleading when observed as such. In all cases, it is the true 3D dynamics (and multiple cross-sections of the BEC) that will enable a fundamental understanding of the observations, even when they appear entirely counter-intuitive, at first sight, as is the case with "plastic" collisions. The first thing to note about dark soliton stripes in this trapping is that they are not always stable; see, e.g., the discussion of Ref. [8] and references therein. This instability against transverse long-wavelength perturbations was first identified in the context of nonlinear optics [47, 48, 49] , where it was also experimentally observed [50, 51, 52] . While in a nearly spherical trap considered earlier [53, 8] , a dark soliton stripe was shown to decay into vortex rings, in our elongated trap experimental setup, a stationary dark soliton stripe at the center of the trap destabilizes, due to snaking instability, into solitonic vortices. In fact, the left panel of Fig. 4 depicts a numerical example of the evolution (0 < t < 200) of this instability in a manner akin to what we have observed in our experiment (cf. Fig. 2 ). This numerical example suggests that the initial, stationary, dark soliton stripe at the center of the trap apparently breaks into three dark soliton stripes which oscillate and interact. This would obviously be a contradiction for an angular momentum conserving (isotropic) system since any solitonic vortices have to be nucleated in pairs of opposite charge so that total angular momentum remains constant (equal to zero). This also points out that in the presence of anisotropy, there might be some internal structure of the created nonlinear waves that the integrated density picture is failing to capture (see below). To elucidate the true dynamics of the system it is necessary to analyze the full 3D extent of the condensate. To that effect we will also depict 3D isocontours of density and vorticity of the condensate. The density corresponds to |ψ| 2 while the vorticity corresponds to the curl of the fluid velocity v, where the fluid velocity is defined as the gradient of the phase of the condensate (ψ = |ψ| exp(iθ), v = ∇θ). Fig. 4 at the times indicated. The blue background surface corresponds to a density isocontour plot at 40% of the maximum density while the red surfaces correspond to vorticity isocontours. (a) isocontours at 50% (light) and 85% (solid) of maximum vorticity. (b) isocontours at 50% (very light), 65% (light), and 85% (solid) of maximum vorticity. Figure 5 depicts snapshots, at different times, of density and vorticity isocontours corresponding to the examples depicted in Fig. 4 . As it can be observed from panel (a), it is clear that only two solitonic vortices are created. This solitonic vortex pair corresponds to the decay of a vortex ring (t = 58 ms) into a solitonic vortex All the numerics depicted herein were obtained using second order finite differencing in space and fourth order Runge-Kutta integration in time.
pair (t = 75 ms) consisting of two oppositely charged solitonic vortices. Upon closer inspection, the apparent third solitonic vortex that is emitted towards z > 0 is actually a weak vortex ring at the periphery of the cloud. This vortex ring is clearly visible at t = 75 ms, 100 ms, and 150 ms where it is depicted by the light vorticity isocontours. This vortex ring is the culprit for the "pinching" of the BEC density at the z coordinate where it lives and thus appears as being on the same footing as the other two solitonic vortices in the integrated density depicted in Fig. 4 . For longer times (data not shown here) the "collisions" between the two solitonic vortices are fairly elastic since they never get too close to each other (one solitonic vortex remains close to the center of the trap while the other one circles the periphery periodically), cf. the (asymmetric) profile of an intermediate speed solitonic vortex in Fig. 3 of Ref. [36] . It is important to note that the spatial extent in the y direction is too tight to allow the coherent structure to develop any strong excitation (or instability) in that direction in a manner akin to the arrest of snaking instability shown in Ref. [54] . In contrast, the confinement along the x-direction is weak enough to allow for the nucleation of solitonic vortices.
We now consider the case of moving dark soliton stripes. When the dark soliton stripes are set in motion, their instability is reduced [55] . We can see this effect in the right panel of Fig. 4 where a dark soliton stripe with zero initial velocity is placed a certain distance away from the center of the trap. As the panel shows, the dark soliton stripe placed away from the center oscillates back and forth along the z direction of the trap and thus its instability against transverse perturbations is reduced. This is what is also expected based on the transition from absolute to convective instability, as was recently discussed, e.g., in Ref. [56] . The specific example depicted in the right panel of Fig. 4 corresponds to a dark soliton stripe that is initially sufficiently far away from the center (1/2 R TF away) that it apparently retains its shape without splitting. It should also be noted that this is in line with the observation of, e.g., Fig. 4 of Ref. [36] which suggests that when the speeds are sufficiently large (due to the large initial potential energy in the trap), the soliton and the solitonic vortex merge and are indeed stabilized against the transverse modulations. Nonetheless, the actual dynamics for the evolution of this configuration is not fully revealed until it is depicted in 3D; see panel (b) of Fig. 5 . As it can be observed, the dark soliton stripe decays indeed into a vortex ring (t = 10 ms) but it then, in turn, appears to quickly decay into a solitonic vortex pair (t = 15 ms). This solitonic vortex pair then performs back-and-forth oscillations along the z direction of the trap. It is crucial to note that, contrary to what was observed for the evolution of the initially stationary dark soliton stripe placed at z = 0 (see panel (a) of Fig. 5 ), the two solitonic vortices in this case remain bound as a pair for all times, in a way reminiscent of the vortex ring from which they emerged. The binding between these two solitonic vortices is provided by a narrow (weak) vortex ring-like vorticity structure that surrounds it. This binding vorticity is clearly appreciated in the light vorticity isocontours of the panel. It is worth pointing out that the process of decay from dark soliton stripes to vortex rings and solitonic vortices produces some surface waves in the condensate (see ripples at the periphery of the cloud's density in all 3D renderings) that also contain a small amount of vorticity that can be observed in some of the vorticity isocontours corresponding to low vorticity (see for example the light surfaces around z = 0 µm and z = 20 µm in panel (b) of Fig. 5 for t = 200 ms). These surface waves are also visible (additional faint lines) in the evolution of the integrated density in Fig. 4 (and also in Figs. 6, 8 and 10 ). Fig. 7 ). All panels depict the time evolution of the density integrated about the x and y directions.
Let us now focus our attention on the collision of the localized structures we have been describing. In Fig. 6 we depict two examples of "dark soliton stripe" collisions. The left panel shows a collision when a faster moving dark soliton stripe catches up with a slower moving one. The right panel shows a faster dark soliton stripe that bounces back from the edge of the condensate cloud and collides head-on with a slower moving dark soliton stripe. In these two examples the collisions of the dark soliton stripes seem to follow the known dynamics of interacting and colliding dark solitons. In that line, observing such collisions seems to suggest dynamics in close correspondence with the well-known integrable dynamics of dark-soliton collisions [8] . However, even in this innocent-looking case, the dynamics is considerably more elaborate in the present experimental setting. More specifically, after close inspection, see corresponding 3D renderings depicted in Fig. 7 , the dark soliton stripes are, in reality, identified as a pair of vortex rings (t = 5 ms) that subsequently appear as two pairs of solitonic vortices that oscillate inside the trap. In these two cases the solitonic vortex pairs interact weakly during collision. I.e., the 3D renderings of the condensates suggest that during the "collision" event, the internal separation between vortex lines is different for the two solitonic vortices; as a result, the interaction during collision is relatively weak, despite the appearance of such an event in the integrated (z, t)-plots of Fig. 6 . This type of relatively weak interaction, corresponding to seemingly elastic collisions of dark soliton stripes in the integrated density plots of Fig. 6 , is a consequence of the relatively large difference of the respective speeds between the two solitonic vortex pairs as we now explain.
It is well known that the speed of a vortex ring decreases when its diameter increases [57] . Therefore, our solitonic vortex pairs (whose dynamics is strongly reminiscent of vortex rings) traveling at different speeds will have different inter vortex line separations and this separation will be larger for larger difference between their respective speeds. This is why two solitonic vortex pairs with relatively large difference between their speeds correspond to ones with relatively large difference in their internal separations which can consequently pass through each other with minimal interaction. This effect can be observed by comparing the two panels in Fig. 7: panel (b) corresponds to a larger difference between the speeds of the two solitonic vortex pairs and thus the interaction is weaker than the corresponding one Numerical evolution of two chasing dark soliton stripes modeling conditions proximal to the experimental results shown in Fig. 2 . As in Fig. 2 , we show here the time evolution of the density integrated about the x and y directions. of panel (a). Nonetheless, both of these examples can still be considered as weak interactions as the resulting "collisions" seem practically elastic.
In contrast, when the two solitonic vortex pairs have similar velocities, the interaction is much more complex leading to unexpected behavior. As we show now, this unexpected behavior lies at the heart of what seems to be a merger of two dark soliton stripes in our experiment as shown in Fig. 2 . Figure 8 is our numerical attempt to create conditions similar to the ones displayed by the experiment. In this case we start with two dark soliton stripes that give rise to two vortex rings which appear in the illustrated dynamical simulations in the form of solitonic vortex pairs whose velocities are relatively close. As it can be observed from Fig. 8 , we obtain a qualitatively similar scenario as the one observed in our experiment: the two solitonic vortex pairs approach each other, after the outer one "bounces back" from the edge of the cloud, and collide (t = 100 ms) resulting in one of the waves (the one closer to the center) becoming almost imperceptible and being sling shot away at a relatively large velocity. In Fig. 9 we depict the 3D renderings detailing the collision between these two solitonic vortices. As it is clear from the figure, the two solitonic vortex pairs interact very strongly because their internal separation is almost identical. This strong interaction is responsible for one of the solitonic vortex pairs being sling shot away at a faster speed, leaving behind what appears at t = 112 ms to clearly be a single vortex ring. Also, at the same time, this ejected pair is relegated to the periphery of the cloud in the x and y directions where the density is much weaker and so is its imprint in the integrated density plot of Fig. 8 , resulting in a longitudinal observation of an apparent merger of two solitonic vortex pairs. This process is partially in line with the observation of Ref. [58] that intermediate collision velocities suffer the most inelasticity, yet, to the best of our understanding the latter work never observed numerically (or referred to experimental) scenaria as dramatic as the one above. This process is naturally suggestive of the fate of the experimental evolution depicted in Fig. 2 where the seemingly "plastic" collision of two apparent dark soliton stripes (which, we essentially argue are really solitonic vortex pairs), at around t ≈ 100 ms, seems to have one of the apparent dark soliton stripes to mysteriously disappear. Figure 10 . Evolution of two interacting seemingly dark soliton stripes (in reality, solitonic vortices). These panels depict seemingly interacting dark soliton stripes interacting in a highly uncharacteristic manner. These are really solitonic vortices instead of dark soliton stripes which are initially at rest. Left: solitonic vortices placed symmetrically about the center of the trap. Right: same configuration but slightly displaced in the z direction. All panels depict the time evolution of the density integrated about the x and y directions.
Finally, motivated by the above example, we depict in Fig. 10 another extreme example of an apparently inelastic collision between dark soliton stripes. As it can be seen in the corresponding 3D renderings in Fig. 11 , these are not true dark soliton stripes but rather interacting vortex rings/solitonic vortex pairs. In that context, the interactions instead of arising in regular intervals as in Refs. [19, 20] , they instead appear to arise in intervals of increasing duration, leading to an expanding array of "bubbles" (each spatio-temporal bubble amounting to a pair of collisions). Once again, resorting to the three-dimensionality of the original problem, we clearly observe the two solitonic vortices interacting. Then, their vortex character (as a manifestation of anisotropic quasi-two-dimensionality), given their same charge, enables the possibility of rotation of the vortices around each other. However, this rotation remains "incomplete" due to its confined [anisotropic in (x, y)] nature. As the initial potential energy of interaction translates itself into rotational energy and partly gets emitted through phonon radiation, it makes the solitonic vortices gradually get grayer and grayer, hence more mobile within the least confined z-direction. The result of this gradually increased mobility is the more and more delayed repetition of their mutual interaction, which, in turn, is mirrored in the expanding bubbles in the (z, t)-plane.
Conclusions.
In this paper, by comparing experimental and numerical results in anisotropically trapped Bose-Einstein condensates, we show that within the "secret lives" of higher dimensional dark solitons, there is more than meets the eye in a quasi-onedimensional inspection. We start by considering a set of numerical investigations with examples that exhibit either well-known dynamical phenomena (snaking instability) or simple and innocent-looking collisional events featuring apparently elastic interactions between dark soliton stripes. In each of these cases, we revealed that the true identity of the relevant states consisted of solitonic vortices and vortex rings. The hidden vortical nature of these higher dimensional structures opens the possibility for unexpected dynamics and interactions. In particular, we showcased an experimental realization that clearly displays the manifestation of this hidden property in a seemingly "plastic" collision with the (apparent) merger of two dark soliton stripes, completely at odds with the quasi-one-dimensional, elastic particle character of these waves. Our numerical analogue of this experimental observation evidences a higherdimensional complex dynamics involving strong interactions between two solitonic vortex pairs. There, the apparent merger was the result of a strong interaction between the waves whereby one of them was sling shot away. Finally, in addition to this sling shot event, an example of expanding oscillation bubbles with longer times between collisions was presented and illustrated the vortical character of the solitonic vortex interactions. On the basis of these features, for our particular setting of trapping strengths, the projection in the x direction seems to unveil the dynamics of dark soliton stripes since the y direction is strong enough to arrest most dynamics and any instabilities across its length. Yet, the x direction is weak enough to allow for the nucleation of solitonic vortices (vortex lines) aligned in the y direction, as well as for the illustration of vortex ring type features. It is these extra structures, hidden in the x direction, that induce the highly atypical behavior of the apparent dark soliton stripes, as observed in the z direction.
We believe that the present investigation illustrates the substantial value of potential further examination of interaction of quasi-one-dimensional structures in higher dimensional and especially in anisotropic geometries. The context of interaction of bright solitons [5] and even bright vortices in such a non-one-dimensional context that enables radial excitations is certainly worthwhile of further study. At the same time the study of solitonic vortices and vortex rings and the potential scenaria of their interaction [59] (as well as those of the interactions between different states or with more complex U-or S-shaped structures) in experimentally relevant settings certainly merits further examination and quantification, along lines similar to what has recently been done for dark solitons [20, 19] and also vortices [60, 61] .
